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Distillation, or purification, is central to the practical use of quantum resources in noisy settings often
encountered in quantum communication and computation. Conventionally, distillation requires using some
restricted “free” operations to convert a noisy state into one that approximates a desired pure state. Here, we
propose to relax this setting by only requiring the approximation of the measurement statistics of a target
pure state, which allows for additional classical postprocessing of the measurement outcomes. We show
that this extended scenario, which we call “virtual resource distillation,” provides considerable advantages
over standard notions of distillation, allowing for the purification of noisy states from which no resources
can be distilled conventionally. We show that general states can be virtually distilled with a cost
(measurement overhead) that is inversely proportional to the amount of existing resource, and we develop
methods to efficiently estimate such cost via convex and semidefinite programming, giving several
computable bounds. We consider applications to coherence, entanglement, and magic distillation, and an
explicit example in quantum teleportation (distributed quantum computing). This work opens a new avenue
for investigating generalized ways to manipulate quantum resources.
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One important aspect in the manipulation of any
valuable physical resource is distillation—a means to
extract this resource in optimal, purified form from some
crude, noisy source. This finds use in quantum information
processing, where various quantum resources [1–3]—
entanglement [4–6], coherence [7–9], or magic [10–12],
among many others—have gained interest for their role in
empowering various quantum information protocols [1–3].
However, the inevitable imperfections that permeate near-
term quantum technologies mean that noiseless resources
may not be readily available. Thus, distillation of such
resources is critical for developing practical quantum
computation and communication schemes, allowing for
systematic means to obtain ideal resources from ones
distorted by noise.
Powerful theoretical results have been obtained for both

one-shot and asymptotic resource distillation [13–28]. Yet,
especially in the one-shot scenario, strong limitations exist
that prohibit resource distillation even from highly
resourceful states, either demanding many copies of the
resource state to enable a successful conversion, or incur-
ring large errors in the process [22,24,25,28]. While those

results are fundamental no-go theorems based on the laws
of quantum mechanics, could there nevertheless be means
to sidestep them by somewhat bending the rules?
Here, we give an affirmative answer to this question by

proposing a new paradigm of virtual resource distillation.
Since the output of many quantum information protocols is
ultimately purely classical, it often does not matter whether
a particular ideal resource state (e.g., a Bell state) was
actually synthesized, provided we can reproduce the same
expected outcome statistics. Therefore, we focus on dis-
tilling a “virtual” target resource state, in the sense that any
operation followed by a measurement of the target resource
can be approximated to a desired accuracy. This combines
the power of both classical data processing and resource
manipulation, performing better than either of these two
approaches on their own. We show that virtual distillation
enables us to effectively increase the distillation efficiency
at an increased cost in the measurement samples. We study
properties of the distillation overhead and show how it can
be tightly bounded using resource monotones and semi-
definite programs. We show that various limitations on
distillation schemes can be circumvented by employing our
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framework, enabling distillation even from states from
which no resource can be extracted conventionally. We
give examples in the virtual distillation of coherence,
entanglement, and magic, and discuss applications.
Here, we focus on the case where the manipulated

objects are quantum states, and we leave the broader
framework and complete technical proofs to the companion
paper [29].
Background.—A resource theory of states consists of the

set F of free states and the setO of free operations. Aweak
and undemanding assumption about the free operations
Λ∈O is the so-called “golden rule,” which states that
ΛðσÞ∈F for all σ ∈F . The set of all operations that satisfy
the golden rule, called resource nongenerating operations,
is then the largest consistent set of free operations. A
resource monotone μ is a function that measures the
amount of resource a state possesses, satisfying the
monotonicity requirement μðρÞ ≥ μðΛðρÞÞ, ∀Λ∈O.
In most resource theories, we can define an optimal unit

pure resource state, denoted as ψ . Distillation then captures
the task of synthesizing ψ from an imperfect state ρ. The
one-shot resource distillation rate

DεðρÞ ¼ sup
Λ∈O

�
m∶

1

2
kΛðρÞ − ψ⊗mk1 ≤ ε

�
ð1Þ

then defines number of optimal states we can synthesize
with ρ at allowable error ε∈ ½0; 1Þ. Here, kAk1 ¼ Tr½

ffiffiffiffiffiffiffiffiffi
A†A

p
�

is the trace norm.
Virtual resource distillation.—In many settings, distil-

lation is followed by a processing of the state ψ to produce
an expectation value x of some observable. Thus, ψ does
not strictly need to actually exist: a simulation of ψ that
enables accurate retrieval of x is sufficient. We will thus
assume that the state is ultimately measured. This contrasts
with conventional distillation, where ψ is always syn-
thesized physically.
Formally, consider a task that involves applying some

operation N on the resource state (possibly together with
other states), and measuring the resulting state in some

observable M to retrieve x. In order for a distillation
protocol Λ to be successful, we thus require that measuring
N ∘ΛðρÞ approximates the measurement outcomes of
N ðψ⊗mÞ for any choice of a channel N and measurement
M. Since applying a channel N cannot make the error any
larger, our requirement for distillation is in fact equivalent
to the statement that jTrMΛðρÞ − TrMψ⊗mj ≤ ε for any
Hermitian operatorM satisfying 0 ≤ M ≤ I. This condition
is the same as the one for conventional distillation in
Eq. (1), so we have gained no advantage. However, since
TrMΛðρÞ is a classical result, we can further apply classical
postprocessing with different distillation operations.
Specifically, we can consider a linear combination of the
classical results

P
j λjTrðMΛjðρÞÞ ¼ TrðMP

j λjΛjðρÞÞ
using different choices of fΛjg ⊆ O and real coefficients
λj satisfying

P
j λj ¼ 1. Grouping free operations with

the same sign together, we have jTr½MðλþΛþðρÞ−
λ−Λ−ðρÞÞ�−TrMψ⊗mj≤ε, where λ�¼

P
j∶signðjÞ¼�1λj≥0,

λþ − λ− ¼ 1, and Λ� ¼ ð1=λ�Þ
P

j∶signðjÞ¼�1 λjΛj. This is
equivalent to the virtual distillation condition

1

2
kΛ̃ðρÞ − ψ⊗mk1 ≤ ε; ð2Þ

where we define Λ̃ ¼ λþΛþ − λ−Λ− to be a virtual oper-
ation; see also Fig. 1. We note that the condition is
independent of the operation N or measurement M.
In practice, we can effectively implement Λ̃ by following

a Monte Carlo-based approach that often finds use in the
simulation of quantum circuits [12,30–34], quantum error
mitigation [35–37], and the implementation of unphysical
processes [38–40]. The basic idea is to notice that for
any M, we have TrMΛ̃ðρÞ ¼ C½signðΛþÞpþTrMΛþðρÞ þ
signðΛ−Þp−TrMΛ−ðρÞ�. Therefore, we can obtain
TrMΛ̃ðρÞ by randomly applying Λ� with probability p� ¼
λ�=ðλþ þ λ−Þ and multiply each classical outcome by
CsignðΛ�Þ ¼ �1. Here, C ≔ λþ þ λ− ≥ 1 contributes to
a larger variance of the outcome distribution. This essen-
tially increases the number of samples by a factor of C2

(a) (b)

FIG. 1. Two different approaches to resource distillation. (a) Conventional resource distillation employs a free operation Λ to map ρ
into a state that approximates the target state ψ⊗m. (b) Virtual distillation approximates the measurement outcomes of ψ⊗m by using the
virtual operation Λ̃ ¼ λþΛþ − λ−Λ−, a linear combination of free operations.
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compared to the case of conventional distillation where
resource states ψ⊗m are available [41]. This means that the
effective number of ψ virtually obtained as Λ̃ðρÞ is reduced
by a factor of 1=C2 for the purpose of estimating the
expectation value of an observable with the desired
accuracy.
This observation motivates us to define the virtual

resource distillation rate as

VεðρÞ ¼ sup
m

m
Cεðρ; mÞ2 ; ð3Þ

with the overhead Cεðρ; mÞ of virtual operations

Cεðρ; mÞ ¼ inf
Λ̃¼λþΛþ−λ−Λ−

λþ−λ−¼1
Λ� ∈O;λ�≥0

�
λþ þ λ−∶

1

2
kΛ̃ðρÞ − ψ⊗mk1 ≤ ε

�
:

ð4Þ

The virtual distillation rate Vε generalizes the conventional
one-shot distillation rate Dε, recovering the latter when
optimization in (4) is restricted to the case of λ− ¼ 0. This
immediately implies that DεðρÞ ≤ VεðρÞ. Since VεðρÞ is
fully determined by Cεðρ; mÞ, we focus on the estimation of
Cεðρ; mÞ in the following.
We note here two major differences between the settings

of virtual and conventional distillation. First, our approach is
to perform distillation by repeatedly applying free oper-
ations to a noisy resource state to obtain a sufficient number
of samples. This is very different from conventional dis-
tillation protocols used in practice, which work by employ-
ing joint operations on multiple copies of a state [13,43].
Coherent many-copy manipulation through joint operations
is experimentally much more difficult to realize, often
making resource distillation challenging or inefficient in
practice. Virtual distillation overcomes this by only requiring
single-copy operations. Our approach can also be compared
with probabilistic one-shot distillation protocols in the
conventional case, which also repeatedly realize single-copy
operations; we address this in more detail in [29]. We will
shortly see that virtual distillation does not suffer from
limitations that constrain conventional (including probabi-
listic) distillation in equivalent settings.
A second, perhaps counterintuitive difference is that

virtual distillation allows for the distillation from free
(resourceless) states at a nonzero rate. This becomes
possible as we relaxed the distillation requirement to only
approximate the outcome statistics: for a free input state,
our method essentially reduces to classical data processing,
and simply reflects that the cost of classically simulating
the target state ψ using free states F is not infinite.
Estimation of Cεðρ; mÞ.—We introduce bounds on

Cεðρ; mÞ in general resource theories, which rely on two
ingredients. First, we introduce the optimization problem

ζsεðρ; kÞ≔minimize μþ þ μ−

s:t: 0 ≤Qþ ≤ μþI; 0 ≤Q− ≤ μ−I;

TrQþσ ≤
μþ
k
; TrQ−σ ≤

μ−
k

∀σ∈F ;

μþ − μ− ¼ 1; TrρðQþ −Q−Þ ≥ 1− ε; ð5Þ

where k is some parameter to be fixed. We also define
ζgεðρ; kÞ to be the same optimization except that the
inequality constraints in the second line become equality
constraints: TrQþσ ¼ μþ=k, TrQ−σ ¼ μ−=k ∀ σ ∈F . The
second ingredient are three different resource measures
for the target pure resource state ψ : the generalized
robustness Rg

F ðρÞ≔ inf fλj½ðρþλωÞ=ð1þλÞ�∈F ;ω∈Dg,
the standard robustness Rs

F ðρÞ ≔ inf fλj½ðρ þ λσÞ=
ð1 þ λÞ� ∈F ; σ ∈Fg, and the resource fidelity FF ðρÞ ≔
maxσ ∈F ðTr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1=2σρ1=2

p
Þ2. Here, D is the set of all density

matrices. Our first main result is as follows.
Theorem 1 (Theorem 1 in companion paper [29]).—

Consider a convex resource theory and a target pure resource
state ψ . Let O be the class of resource nongenerating
operations. If Rs

F ðψÞ<∞, then ζsεðρ;FF ðψ⊗mÞ−1Þ≤
Cεðρ;mÞ ≤ ζsεðρ;Rs

F ðψ⊗mÞþ1Þ. Furthermore, if it holds
that hψ jσjψi is constant for all σ ∈F , then
ζgεðρ; FF ðψ⊗mÞ−1Þ ≤ Cεðρ; mÞ ≤ ζgεðρ; Rg

F ðψ⊗mÞ þ 1Þ.
The crucial property of the bounds is that whenever

Rs
F ðψ⊗mÞ þ 1 ¼ FF ðψ⊗mÞ−1—which is true in resource

theories such as bi- and multipartite entanglement or
multilevel quantum coherence—or if Rg

F ðψ⊗mÞ þ 1 ¼
FF ðψ⊗mÞ−1 and the overlap hψ jσjψi is constant—which
is true in resource theories such as coherenceor athermality—
then the upper and lower bounds coincide, yielding an exact
expression for the overhead Cεðρ; mÞ, i.e.,

Cεðρ; mÞ ¼ ζs=gε

�
ρ; FF ðψ⊗mÞ−1�: ð6Þ

Recall that the problems ζs=gε are convex optimization
problems and are often (e.g., for coherence, magic states,
or nonpositive partial transpose) semidefinite programs,
which are efficiently computable in the dimension of the
state space [44], allowing for an exact evaluation of Cε in
relevant cases. Importantly, they remove the need to optimize
over all operationsΛ∈O, whichmay be a significantlymore
difficult problem.
We note that the question of whether there exist suitable

states for which the two bounds coincide is, in general,
highly dependent on the resource theory in question [29].
Next, we show that the overhead is not only computable

numerically, but in fact an exact expression for it can be
obtained in terms of another resource monotone, fOðρ; mÞ,
which measures the maximum overlap between ΛðρÞ and
ψ⊗m as

fOðρ; mÞ ≔ max
Λ∈O

Tr½ΛðρÞψ⊗m�: ð7Þ
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This is useful because fO has been computed exactly in
many relevant cases [15,19,21,45–47]. Such an equivalence
will be possible whenever there exists a free “generalized
twirling” operation [27] T ∈O of the form T ðρÞ ¼
Tr½ψ⊗mρ�ψ⊗m þ Tr½ðI − ψ⊗mÞρ�σ⋆ for some σ⋆ ∈F ,
which is true for many resource theories of practical
interest, such as entanglement and magic theory for specific
target states.
Theorem 2 (Theorem 2 in companion paper [29]).—

Suppose a free generalized twirling operation exists. Then

Cεðρ; mÞ ¼ max

�
2ð1 − εÞ
fOðρ; mÞ − 1; 1

�
: ð8Þ

Reference [27] showed that the existence of a suitable
resource nongenerating twirling operation is guaranteed
when FF ðψ⊗mÞ−1 equals 1þ Rs

F ðψ⊗mÞ. We thus have an
alternative characterization of Cεðρ; mÞ via the resource
monotone fOðρ;mÞ: whenever the condition FF ðψ⊗mÞ−1 ¼
1þRs

F ðψ⊗mÞ is satisfied, Cεðρ; mÞ under resource non-
generating maps is given exactly by Eq. (8).
We note that while Theorem 1 provides an exact

characterization of the virtual distillation overhead without
the need for an explicit optimization over the allowed free
operations, Theorem 2 is applicable also for general sets of
free operations that are weaker than resource nongenerating
operations. These results may therefore be applicable to
complementary scenarios.
Surpassing conventional limitations.—Distillation in the

conventional sense is constrained by many no-go theorems
that restrict what transformations can be achieved in certain
regimes. Consider zero-error distillation (ε ¼ 0). In this

case, conventional distillation protocols have significant
limits: they cannot, for example, distil any pure states from
states that are highly mixed (full or almost full rank,
depending on the theory) [22,24,25], not even when many
copies of input states are available, and not even proba-
bilistically [22,28]. Virtual distillation suffers from no such
no-go limitation: even full-rank states allow for distillation
with a finite overhead cost. An even stronger limitation
constrains the one-shot distillation from isotropic states ρp
in theories such as quantum entanglement, coherence, or
magic. No free operation can improve the fidelity of ρp
with a maximally resourceful state, making distillation
impossible from a single copy of ρp for all small values of
ε [14,48]; virtual distillation allows one to surpass such
restrictions.
Figure 2 illustrates this capability in contexts of coher-

ence, entanglement, and magic. Here, we compare the
virtual distillation rate with the conventional case for the
three types of resources, demonstrating the lack of a noise
threshold that makes the conventional rate diminish to
zero, and a more continuous dependence of the virtual
distillation rate on the smoothing parameter ε. In the case
of coherence [7–9,19], we employ maximally incoherent
operations (MIOs) and dephasing-covariant incoherent
operations (DIOs) and apply Theorem 1 to determine the
overhead for MIOs and DIOs. For entanglement [4–6,17],
we determine the overhead using Theorem 2 for any
arbitrary subset of separability-preserving (SEPP) opera-
tions that contains local operation and classical communi-
cation (LOCC). For magic [10–12], we examine stabilizer
operations and obtain an exact formula for the overhead, as
explained in the companion paper [29].

FIG. 2. Comparison between conventional and virtual one-shot resource distillation. We consider four different smoothing parameters
ε ¼ f0; 0.02; 0.04; 0.08g corresponding to each of the four lines (with the same color or dot type) from bottom to top. (a) Distillation
from the four-dimensional coherent state ρp ¼ pψ4 þ ð1 − pÞI4=4 under MIO and DIO. Here, jψ4i ¼ ðj0i þ j1i þ j2i þ j3iÞ=2 and I4
is the four-dimensional identity matrix. We also consider virtual distillation with different m as in Eq. (3) and find that m ¼ 2
outperforms the others for most cases (except for very small p where m ¼ 1 performs the best). (b) Distillation of the two-qubit
entangled state ρp ¼ pψ þ ð1 − pÞI4=4 under SEPP operations. Here, jψi ¼ ðj00i þ j11iÞ= ffiffiffi

2
p Þ, and the virtual distillation rate is

achieved with LOCC already. (c) Distillation of the noisy magic state ρp ¼ pT þ ð1 − pÞI2=2 under stabilizer operations. The magic

state T is defined as T ¼ 1
2
ðI þ ½X þ Y�= ffiffiffi

2
p Þ, where X and Y are Pauli matrices. The virtual distillation rates for (b) and (c) are obtained

with m ¼ 1 as in Eq. (3). We note that virtual distillation also outperforms probabilistic distillation for these examples. See [29]
for details.
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Applications.—We first consider an application in quan-
tum teleportation, where entanglement is a critical resource.
Given noisy entangled states, conventional resource dis-
tillation generally assumes multiqubit operations on many
copies of the noisy state and the existence of quantum
memory. Our virtual distillation protocol serves as a more
experimentally friendly alternative without these challeng-
ing requirements. For example, consider the noisy state
ρA0BðpÞ ¼ pψA0B þ ð1 − pÞI4=4 with jψiA0B ¼ ðj00iA0B þ
j11iA0BÞ=

ffiffiffi
2

p
. For p ≥ 1=3 (and assuming ε ¼ 0), we

could virtually distill ρA0B as Λ̃½ρA0BðpÞ� ¼ ½4=ð1þ
3pÞ�Λþ½ρA0BðpÞ�− ½ð3−3pÞ=ð1þ3pÞ�Λ−½ρA0BðpÞ�, where
Λþ is the identity channel and Λ−ðρÞ ¼ σAB ¼
ðI − ψABÞ=3. The distillation overhead is C0½ρA0BðpÞ� ¼
minfð7 − 3pÞ=ð1þ 3pÞ; 3g. The cost remains a reasonable
constant even if we consider virtual distillation to multiple
noisy entangled states, a relevant case in distributed
quantum computing [49].
Another setting towhich our approach immediately applies

is fault-tolerant quantumcomputation,where it is very natural
to consider classical outcomes of quantum algorithms. It is
then important to understand optimal ways to distill the
underlying resource of magic [11,12]. Multiple proposals
have been made regarding a combination of quantum error
mitigation and error correction methods [50–52]. Our frame-
work encompasses this strategy for magic state distillation as
an application of the general approach of virtual resource
distillation, in particular allowing us to extend the results in
Ref. [50] to more general regimes [29].
Discussion.—We introduced virtual resource distilla-

tion, an extended experimentally friendly framework of
resource distillation that integrates classical linear post-
processing into free operations. In doing so, we provided a
fundamental tool for distilling the resources needed for
quantum advantages in noisy current and near-future
quantum technology. The results are general and appli-
cable to many specific resource theories, such as coher-
ence, entanglement, magic of quantum states, quantum
communication, uniformity, and athermality, as well as any
other resource theory where the target state is pure. We
also detail the much more general setting of virtual
resource distillation of quantum channels and combs in
the companion paper [29], enabling virtual distillation of
non-Markovianity and quantum memory. This work con-
siders discrete-variable resource theories, and an extension
to continuous variables [53,54] would also be interesting.
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